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ABSTRACT 
 
 
The study reported in this thesis evaluates the effect of the viscoelastic behavior of asphalt layers 
in a flexible pavement on fuel consumption of vehicles.  
 
The approach used to estimate this effect is in two folds: (1) Compute the asphalt pavement 
response (i.e., stresses and strains) due to a moving load, (2) Estimate the dissipated energy into 
the pavement which is equal to the energy needed by the vehicle to overcome the additional 
traction forces caused by the pavement response. During the first step, a time domain dynamic 
viscoelastic solution (ViscoWave II-M) is used to calculate the asphalt pavement response due to 
a moving load. The program was modified so that it calculates stresses and strains at any point in 
the pavement structure. The results were validated through a comparison with other solutions of 
proven reliability, such as ViscoRoute, 3D-Move and SAPSI-M.  
 
The dissipation of energy due to the viscosity of the conglomerate bituminous layers is 
calculated and used to estimate the fuel consumption of an 18t truck at different speeds and 
temperatures.   
The influence of the base course thickness is also investigated. 
 
As expected, the excess of fuel consumption due to the energy dissipated has a significant value 
only at low speeds, or in the case the temperature of the asphalt reaches high values.   
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1 - INTRODUCTION 
 
 
The theme of sustainable development is of primary importance today. 
Sustainable development has been defined in many ways, but the most frequently quoted 
definition is from Our Common Future, also known as the Brundtland Report, published in 1987 
by the "World Commission on Environment and Development" chaired by then Norwegian 
Prime Minister Gro Harlem Brundtland: “Sustainable development is development that meets the 
needs of the present without compromising the ability of future generations to meet their own 
needs.”  
Such a definition refers to the welfare of the people, highlighting the ethical principle of 
responsibility, by the generations of today, towards future generations. This implies the key 
concepts of the preservation of resources and of environmental balance of our planet. 
To promote sustainable development many activities are in place, primarily due to the 
environmental policies of individual states and supranational organizations, but not only: specific 
activities aimed at environmental protection are implemented in many other areas. 
Scientific research, basic and applied, gives its contribute to address the threat of ecological 
degradation, with the aim of a modernity that can handle the ecosystem limits producing a better 
quality of life. 
The world of engineering sciences is at the forefront in addressing this challenge. The social 
responsibility of the engineer has today, among its benchmarks, the pursuit of environmental 
sustainability. 
One of the areas pertaining to the civil engineer is the design of structural systems of civilian 
infrastructure; the communication infrastructures, in particular, are the field of study where the 
present thesis ranks. 
 
The strong demand for mobility of people and goods by road leads to a massive use of fossil 
fuels, that are non-renewable energy source, and makes relevant the problem of pollution from 
road transport in respect of pollutants such as carbon monoxide, volatile organic compounds 
(particularly benzene), nitrogen oxides and particulates; the contribution to greenhouse gas 
emissions is also particularly burdensome for the emissions of carbon dioxide. 
The environmental impact that these emissions have is huge.  
The report for 2012 of the US Environmental Protection Agency (EPA), tells us that in that year, 
in the US, road transport has produced 28% of all emissions of greenhouse gases produced in the 
country. 
For the same year the annual report on air quality in Europe, drawn up by the European 
Environment Agency (EEA) within the Transport and Environment Reporting Mechanism 
(TERM), states that, in the EU, the road transport contributes to about one-fifth of total 
emissions of carbon dioxide, is responsible for about a quarter of total emissions of greenhouse 
gases, is the cause of the presence of harmful levels of air pollutant substances. 
The document concludes by calculating that approximately 90% of people living in cities of the 
European Union  is exposed to levels of air pollutants considered harmful to health by the World 
Health Organization (WHO) and indicates that, with the resumption of the economy, the new 
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objectives of the EU in the field of transport point to the further reduction of environmental 
impacts. 
To reduce the environmental impact of mobility on the road, one of the objectives to be pursued 
is  certainly that vehicles will reduce the energy consumption required for their operation. 
For this purpose, the EU has set binding emission targets for new fleets of cars and vans. The 
new objectives are to be achieved by 2020. They establish that emissions from new cars should 
not be higher, on average, to 95 grams of CO2 per kilometer by 2020, 30% less than the 2011 
level of 135.7 g / km. For vans, the mandatory target is 147 g by 2020, compared to 181.4 g 
issued in 2010. 
Overall, the strategy to reduce CO2 will help to protect the climate, to promote innovation and 
competitiveness, to create jobs and to save consumers money, as their fuel consumption will 
decrease. In particular, it is estimated that the average motorist will save between 3,000 and 
4,000 Euros of fuel for the duration of the life cycle of their vehicle (13 years). The 
corresponding savings to the owners of vans is calculated between 3,300 and 4,500 Euros. 
Despite the most sophisticated technology, the cost of new vehicles should not increase 
significantly and it is expected that this additional cost should be recovered through fuel savings 
that will benefit motorists. 
On a larger scale, the proposals will avoid the emission of about 420 million tons of CO2 until 
2030, resulting in a net savings for society between 100 and 200 euro per tonne of CO2 emission. 
Similar measures are in place in the Americas. 
The Obama presidency, since his first term in office, has put at the center of its political agenda 
the environmental commitment, working also abroad for this purpose, as evidenced by the 
announcement, issued in China in November 2014, of the commitment of the two largest global 
economies to lead and suggest a virtuous effort for change. 
China and the US have decided to jointly combat the threat of climate change by entering into an 
ambitious joint plan for reducing carbon dioxide emissions. Their historic agreement on this 
issue was announced in Beijing by US President Barack Obama and Chinese counterpart Xi 
Jinping. 
In the US, under President Obama, more stringent emissions standards for cars and trucks have 
been made, causing a significant cut in fuel consumption and emissions. 
Similar measures have been implemented in Canada, Mexico and many other countries, while 
environmental awareness is growing everywhere. 
All major automobile manufacturers compete with massive investment in technological 
development and innovation in the energy sector to reduce emissions throughout the life cycle of 
the vehicle. 
But the search for higher performance engines with lower fuel consumption is not the only way 
forward. 
 
Many factors, beyond the thermodynamic efficiency of the engine, have an impact on the fuel 
consumption of a vehicle: the main ones are the air resistance and the rolling resistance. 
 
Aerodynamics was first used to increase vehicle performance in race cars during the 1970s. Race 
car engineers realized that air flowing around the vehicle could be used to increase the down 
force and reduce aerodynamic drag on the car. As fuel economy became a strong factor in road 
vehicle design, engineers soon realized that the methods of reducing aerodynamic drag on race 
cars could be transferred to road vehicles in order to improve fuel economy. To decrease the 
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amount of drag created by a vehicle, automobile manufacturers began incorporating vehicle body 
designs that would allow the vehicle to be more streamlined.  
The aerodynamic drag force is practically nonexistent at very low speeds, but, increasing by the 
square as the vehicle's speed, becomes a major contributor to fuel consumption at high velocities. 
Abdelaziz Atabani, Badruddin, Mekhilef e Silitonga in their essay ”A review on global fuel 
economy standards, labels and technologies in the Transportation sector” have estimated that a 
reduction of 10% in drag coefficient can decrease fuel consumption by 2 – 3.5 %. Moreover, the 
reduction in air drag coefficient results in higher fuel economy benefits during highway driving. 
 
Rolling resistance is a force acting in the direction opposite to that of motion, during the rolling 
of the tire on the road pavement.  
Laclair, in the essay "The Pneumatic Tire," which was commissioned and published by NHTSA, 
defines the concept of rolling resistance in these terms: 
“When a tire rolls on the road, mechanical energy is converted to heat as a result of the 
phenomenon referred to as rolling resistance. Effectively, the tire consumes a portion of the 
power transmitted to the wheels, thus leaving less energy available for moving the vehicle 
forward. Rolling resistance therefore plays an important part in increasing vehicle fuel 
consumption. Rolling resistance includes mechanical energy losses due to aerodynamic drag 
associated with rolling, friction between the tire and road and between the tire and rim, and 
energy losses taking place within the structure of the tire.” 
The widely accepted definition of rolling resistance is that it represents the energy dissipated by 
the tires per unit of distance traveled. One way to express this is: 
 
Tyre power loss = (Power input at the wheel axle) – (power output to the ground). 
 
The amount of loss of energy due to rolling resistance is a variable depending both on tire and 
the pavement.  
 
It is evident the direct link between rolling resistance and the fuel consumption of a vehicle, as 
well as on the CO2 emission and other exhaust emissions like NOx, CO, HC and particles. 
However, studies in this area are still relatively recent and more research is now under way to 
examine these aspects, because cutting down energy consumption is an important goal for many 
reasons, non least economic: fuel consumption  is a factor that is often converted into monetary 
terms and is included in cost/benefit analyses. 
The chance to reduce fuel consumption required by vehicles for their operation and thus to lower 
energy prices has its effect on consumers and businesses; hence the automotive and the tire 
manufactures have promoted careful research on the technological characteristics that allow the 
tires to reduce as much as possible the rolling resistance. The characteristics of the tire that 
affects the most the rolling resistance are as the tire material, shape, width and the inflation 
pressure. 
 
It has been proven that the rolling resistance in the interaction pavement - wheel is significantly 
affected by the surface of the pavement.  
The studies carried out for this purpose prove that different surface characteristics (pavement 
texture) provides a major contribution to the rolling resistance as does the structural behaviour as 
both bearing capacity and viscoelastic behaviour can influence the rolling resistance. 
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Road surface characteristics can be defined in terms of the following surface textures: 
• Microtexture is the texture with wavelengths shorter than 0.5 mm 
• Macrotexture is the texture with wavelengths in the range 0.5 to 50 mm 
• Megatexture is the texture with wavelengths in the range 50 to 500 mm 
• Unevenness is the “texture” or roughness with wavelengths longer than 500 mm 
 
The report “Environmental Impacts and Fuel Efficiency of Road Pavements” , published by Joint 
Eapa/Eurobitume Task Group Fuel Efficiency (2004)  starts with an overview about energy 
consumption and other environmental impacts during road construction, maintenance and 
operation.  
They come to the following conclusions: 
• The total energy consumption during construction, maintenance and operation of roads is 
lower for asphalt pavements than for concrete pavements. Also the greenhouse gas 
emissions during construction, maintenance and operation are lower for asphalt 
pavements. 
However the energy consumption of the traffic itself on a road is during its lifetime of 
overwhelming importance (95 to 98%). Depending on the traffic volume the energy use 
for construction, maintenance and operating the road is less than 2 to 5% of the energy 
used by the traffic itself. Therefore it is legitimate to focus on how different road 
pavement surfaces effect the fuel consumption of vehicles driving on it. 
 
• Approximately 12% of the fuel consumption for heavy trucks is accounted for by the 
rolling resistance losses in the tires at a constant speed of 80 km/h. This energy loss 
represents approximately 30% of the available mechanical power from the engine 
crankshaft. 
 
• Different textures of road surfaces influence fuel consumption for passenger cars by up to 
10%. There is no difference in fuel consumption between asphalt and concrete road 
surfaces for passenger cars. 
Surface roughness has a proven huge influence on the fuel consumption and on noise 
development. Taken these aspects into consideration the total truck and passenger car 
population might easily result in an advantage in fuel consumption for asphalt pavements. 
 
All studies confirm that surface characteristics are a predominant factor. Differences between 
pavement types as such - asphalt or concrete - are not significant. The condition of the pavement 
(good surface characteristics) is more important in this respect for both asphalt and concrete 
roads.  
 
It has been proven that the rolling resistance is also affected by the structure of the pavement. 
In this subject area ranks the study carried out in this thesis. 
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2 - LITERATURE REVIEW 
 
 
Several authors have studied the effects of the viscous properties of the materials composing the 
pavement on the dissipation of energy. Forerunner in this field was William Flugge, who, in his 
book (Viscoelasticity - 1975), analyzed the viscoelastic response to a moving load on a Kelvin 
beam on a Winkler foundation. He showed that the viscoelastic deformation caused the vehicle 
load to move on an upward slope, and, thus, to do work. The force necessary to overcome the 
slope adds to the rolling resistance. 
 
His concept has been taken up and developed recently by researchers at the Massachusetts 
Institute of Technology (MIT). A.Lounghalam, M. Akbarian and F.J. Ulm. in "Scaling relations 
of dissipation-induced pavement-vehicle interactions" proposed to calculate the energy 
dissipated from the vehicle in order to maintain a constant speed while moving on a positive 
slope using eq. 2.1 
 
dX
dwPcDE −== /δ                                                          (2.1) 
 
where D is the dissipation rate, c is the speed of the vehicle, w the vertical deflection, P the 
weight of the load, X the position in a moving coordinate system.   
 
Using equation (2.1) they calculated in the Fourier domain the energy consumption of a load on 
a viscoelastic beam ( represented using the Maxwell model ) on a Winkler foundation ( Fig 2.1). 
 
                0)ˆ(/ 01 ≥−== =− XwiPFcDE λδ                                                 (2.2) 
 
 
 
 
 
Figure 2.1. Viscoelastic Beam on Winkler foundation 
 
 
The MIT researchers have also proposed a model to calculate the energy dissipation as a function 
of the loading parameters (P, c) and material-structure parameters. 
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                                              (2.3) 
where  
                                               (2.4) 
 
and pij are tabulated coefficients. 
 
The model requires as inputs only the weight of the wheel ( the load P ); it cannot take into 
account the pressure of the wheel or the tire imprint. The pavement is represented as a 
viscoelastic beam on a Winkler foundation. Although this leads to simpler and faster 
calculations, it does not describe realistically the behavior of a viscoelastic pavement. The model 
is calibrated using the results reported from Pouget et al. in "Viscous Energy Dissipation in 
Asphalt Pavement Structures and Implication for Vehicle Fuel Consumption"   
 
 
 
 
 
Figure 2.2. Calibration and validation of MIT model. (Lounghalam et al.) 
 
 
Using their model, Lounghalam and her working team calculated the predicted dissipated energy 
for a HS20-44 truck on different pavements. Their results ( Fig 2.3) show how at low speeds, or 
high temperatures the values of the energy dissipated by a flexible pavement can reach values up 
to 1000% of those for rigid pavements. 
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Figure 2.3. Dissipated energy on different pavements at (a) constant temperature of 10°C ; 
(b) constant speed of 100 km/h 
 
 
The approach used by MIT, which consists in evaluating the energy dissipated as the work done 
by the vehicle to proceed moving on an upward slope caused by the viscous deformation of the 
pavement, is not the only possibility. 
The other approach was developed by Pouget et al. and refined by Coleri and Harvey. It consists 
in evaluating the energy dissipated in a volume of pavement, considering the viscolastic behavior 
of the materials that compose the road paving. 
In "Viscous Energy Dissipation in Asphalt Pavement Structures and Implication for Vehicle Fuel 
Consumption", S.Pouget, C. Sauzeat, H. Di Benedetto and F. Olard, implement a model 
(developed by Di-Benedetto and Nefair) that can accurately describe the elasto-viscoplastic 
behavior of bituminous material in the 3D Finite Element software COMSOL. 
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Figure 2.4. (a) DBN model for bituminous mix ; 
(b) asymptotic expression in the linear domain (equivalent to a generalized Kelvin-Voigt 
model) 
(c) Generalized Kelvin-Voigt model in the general 3D case 
 
 
 
The authors used the program to calculate the mechanical response of a typical French pavement 
subject to the passage of the load of a wheel of a 40-ton truck. (fig. 2.5). 
 
 
Figure 2.5. Pavement structure used; 
 
 
They calculated the dissipated energy from the pavement caused by the viscous properties of the 
materials composed by bituminous conglomerate using eq. 2.5 
 
(c) 
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                                            (2.5) 
 
The geometry of the pavement used for the calculations is shown in figure 2.6. 
Due to the symmetry of the problem, only the half width of the slab (the one shown in the figure) 
is analyzed.   
The dissipated energy per time w(t) on a slide of 0.05m length is calculated at different 
temperatures of the asphalt layers and speeds of the wheel. 
The energy dissipated by the trucks is evaluated using eq. 2.6, considering 10 standard wheels. 
 
 
 
Figure 2.6. Geometry of the pavement used for the pavement response analysis; 
  
                                      (2.6) 
 
Wtruck   is expressed in MJ/km.  
 
The fuel consumption excess is evaluated using eq. 2.7 
                                     (2.7) 
 
Where  
(a) is the Fuel consumption of the truck, and is assumed 60L/100km; 
(b) is the calorific value of the fuel, and is assumed 40MJ/L, without considering the engine 
efficiency. 
 
The results are shown in figure 2.7 
 
 10 
 
 
Figure 2.7. Dissipated energy and fuel consumption excess as function of speed and 
temperature. 
 
At very low or very high temperatures the material can be considered elastic. This is confirmed 
by the results, which show that the energy dissipated at those temperatures is close to zero.  
The increase in the fuel consumption at any temperature below 15° does not exceed 0.25%. 
A significant increase of the fuel consumption happens at low speeds, for a range of temperatures 
between 40°C and 90°C. Even during the Summer the temperature of the pavement is unlikely to 
exceed 40°C. 
 
The effects of the thickness of the Base course are also investigated. The results show that an 
increase in the thickness of the AC layer leads to an increase in the energy dissipated and 
therefore in the fuel consumption. 
 
 
 11 
3 - OUTLINE OF THE THEORY OF VISCOELASTICITY 
 
 
Characteristic of elastic materials is that when a load is applied and then removed, there is no 
dissipation of energy. A viscoelastic material instead sustains a loss of energy during any loading 
cycle. The amount of energy lost, transformed in heat, can be evaluated as the area of the 
hysteresis loop, that can be observed in the stress-strain curve for a viscoelastic material. (Fig. 
3.1) 
 
 
 
Figure 3.1. Stress-strain relations for: (a) elastic material; (b) viscoelastic material. 
 
For an elastic material the stress-strain relation is described by 
 
εσ ⋅= E                                                                     (3.1) 
 
where E is the slope of the function described in fig 3.1(a). 
 
A viscoelastic material can be described using a model. 
Its behavior has elastic and viscous components. Linear combinations of springs and dashpots 
are used to create models, which distinguish each other for the different arrangement of these 
elements. 
 
For an elastic spring                                   εσ ⋅= 0E  
 
For a viscous dashpot                               
t∂
∂
⋅=
εησ                                                                   (3.2) 
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A Maxwell model consists in a spring and a dashpot in series 
 
η
σσε
+⋅
∂
∂
=
∂
∂
0
1
Ett
                                                               (3.3) 
 
 
 
 
 Figure 3.1. Maxwell model. 
 
 
A Kelvin-Voigt model consists in a spring and dashpot in parallel 
 
t
E
∂
∂
+⋅=
εηεσ 0                                                            (3.4) 
 
 
 
 
Figure 3.2. Kelvin Voigt model. 
 
 
The Kelvin - Voigt model describes quite well the response of the materials under a constant 
stress (creep test, fig 3.3), but it is not accurate to describe the relaxation modulus E(t) of a 
material. 
E(t) is determined in a step strain experiment, where the material is put under a constant strain.  
 
0
)()(
ε
σ t
tE =                                                                 (3.5)   
 
0 
 
 0 
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The creep compliance is defined as  
 
0
)()(
σ
ε t
tD =                                                                (3.6) 
 
 
ε(t) is the resulting time dependent strain. Upon application of a constant stress, the material has 
an immediate elastic deformation ε0, then it deforms at a decreasing rate. When the stress is 
released, the elastic deformation ε0 is immediately recovered. Then the material gradually relaxes 
to its undeformed state. 
 
 
 
Figure 3.3. Creep test 
 
 
In the case of a material (represented by the Kalvin - Voigt model) subjected to the action of an 
uniaxial sinusoidal compression, the stress and the corresponding strain are:  
 
 )sin()( 0 tt ωσσ =                                                            (3.7) 
)sin()( 0 φωεε −= tt                                                          (3.8) 
 
Where 
T
pi
ω
2
= is the pulsation and 
pi
ω
2
=f  is the frequency 
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Figure 3.4. Stress and strain of a material subject to uniaxial sinusoidal compression. 
 
 
Introducing eq. 3.7 in 3.4 it results 
 
t
Et
∂
∂
+⋅=
εηεωσ 00 )sin(                                                          (3.9) 
 
 
 
The solution of the equation is  
 
( ) )sin()( 220
0 φω
ηω
σ
ε −⋅
+
= t
E
t                                                (3.10) 
 
where 
E
ηωφ arctan= is the pulsation. 
 
Introducing eq 3.7 in 3.10 it results  
 
*
)()(
E
t
t
σ
ε =                                                                   (3.11) 
 
E* is defined as the complex modulus. It can be represented graphically as shown in figure 3.5 
as a vector whose components are E0 and ηω , rotated with respect to the horizontal axis of φ . 
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Figure 3.5. Complex modulus 
 
The two components of the complex modulus E 'and E'' are called elastic component and viscous 
component. 
The real part of the complex modulus E' is called storage modulus. It summarizes the elastic 
properties of the material and provides a measure of the elastic work (returned) done by the load.  
The coefficient of the imaginary part E'' is called loss modulus. It summarizes the viscous 
properties of the mixture. It depends on the pulsation ω , and therefore also by the frequency of 
the load. 
 
Comparing the complex modulus at different temperatures, with the same frequency, different 
values of φ  and *E  are obtained, due to the influence that the temperature exerts on the 
mechanical properties of bituminous mixtures. 
The complex modulus depends upon the frequency and the temperature. However, it obeys to the 
fundamental principle of superposition frequency-temperature (equivalence between temperature 
rise and increase in the time of application of the loads at constant temperature and vice versa). 
 
From the knowledge of *E  at different temperatures and frequencies it is possible to construct a 
master curve translating the values on the frequency scale of a factor )( taLog . 
 
For the frequency-temperature superposition principle, the curve which provides the trend of the 
logarithm of *ELog  as a function of the logarithm of fLog  at a reference temperature 0T , 
coincides with the curve expressing *ELog as a function of faLog t ⋅ at a temperature T. 
It is called master curve, and  at is a factor of translation that depends on the two temperatures. 
 
For a bituminous conglomerate 





−⋅=
0
1110920)(
TT
aLog t                                                  (3.12) 
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The Prony series model  has one Maxwell model and several Kelvin - Voigt models connected 
in series. It has been widely used for analytical representation of viscoelastic materials due to its 
remarkable computational efficiency. It is convenient to use such model for viscoelastic analysis 
in cases where the stress history is prescribed. The creep compliance is 
 
)1(1)(
1
0
i
t
n
i
i eDtDtD
τ
η
−
=
−++= ∑                                                    (3.13) 
 
 
 
where D0, and Di are Prony series parameters and τi are retardation times.  
 
The relaxation modulus is: 
i
t
m
i
i eEtE
ρ
−
=
⋅= ∑
1
)(                                                             (3.14) 
 
where Ei are Prony series parameters and ρi  are relaxation times.  
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4 - THEORETICAL DEVELOPMENT OF A TIME DOMAIN FORWARD 
SOLUTION FOR ASPHALT PAVEMENT RESPONSE  
4.1 Governing equations for viscoelastic wave propagation 
The following solution was developed by Lee, H. S. in "Development of a New Solution for 
Viscoelastic Wave Propagation of Pavement Structures and its Use in Dynamic Backcalculation" 
(2013). The contribution of this thesis is limited to the development of the equations necessary to 
calculate the stresses and strains. 
Similar to any other wave propagation problems, the solution begins with the classical equation 
of motion for a continuous medium given as the following (Malvern, 1969): 
ubσ &&ρ=+⋅∇
     (4.1)  
where  
σ is the stress tensor,  
b is the vector of body forces per unit volume,  
ρ is the mass density of the material, 
 u is the displacement vector.  
 
According to the theory of linear elasticity, the stress-strain relationship for a linear, 
homogenous, and isotropic material is obtained from the generalized Hooke’s law: 
( ) εIεσ µλ 2+= tr
    (4.2)  
where  
ε is the strain tensor,  
λ and µ  are the Lamé constants,      
 Ι is the identity tensor.   
 
The strain tensor in the above equation is related to the displacement vector according to the 
following: 
        
( ){ }Tuuε ∇+∇=
2
1
                (4.3)  
For a viscoelastic material such as an asphalt concrete mixture, the fundamental materials 
properties – in this case, the Lamé constants – as well as the stresses and strains are time-
dependent and hence, their relationship can be written as the following in reference to the theory 
of linear viscoelasticity (Schapery, 1974, Wineman,and Rajagopal, 2000, Christensen, 2003): 
                  ( ) εIεσ ∗+∗= µλ 2tr
   
  (4.4)  
where the operator * between any function α ∗ β  represents the Stieltjes convolution integral 
defined as: 
 18 
( ) ( )∫ ∂
∂
−=∗
t
dt
0
τ
τ
τβ
ταβα
    (4.5)  
 
It should be noted that the kinematic strain-displacement relationship shown in the equation 3 
also applies to linear viscoelastic materials.  The only difference from an elastic material is that 
the displacement and hence the strain are functions of not only the material (or spatial) 
coordinates but also time. Substituting the equations presented in equation 4.3 and 4.4 into the 
equation 1 and ignoring the body forces result in the following equation in terms of 
displacements: 
( ) ( ) uuu &&ρµµλ =∇∗+⋅∇∇∗+ 2
      (4.6)  
 
By means of the Helmholtz decomposition, the displacement vector in the above equation can be 
expressed in terms of potentials as follows: 
Hu ×∇+Φ∇=
    (4.7)  
 
where Φ represent a scalar potential such that ( , , )
x y z
∂Φ ∂Φ ∂Φ∇Φ =
∂ ∂ ∂
 and H is a vector potential 
whose divergence vanishes (i.e., 0H =⋅∇ ).  
Similar to the spectral element solution provided by Al-Khoury et. al. (2001a), a cylindrical 
axisymmetric coordinate system shown in Figure 4.2 shall be employed herein. 
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Figure 4.2. Coordinate System for Axisymmetric Layers on a Halfspace. 
In cylindrical polar coordinates:    
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θ
 
 
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 
 
u
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r z
zr z z
θ
θ θ θ
θ
ε ε ε
ε ε ε
ε ε ε
 
 
=  
 
 
ε
 
r r rz
r z
zr z z
θ
θ θ θ
θ
σ τ τ
τ σ τ
τ τ σ
 
 
=  
 
 
σ ;                          (4.8)  
 
the gradient                                 
1f f ff
r r zθ
∂ ∂ ∂∇ = + +
∂ ∂ ∂
r θ z
)) )
;                                                 (4.9) 
 
the divergence                         
( )1 1r zur u u
r r r z
θ
θ
∂∂ ⋅ ∂∇⋅ = + +
∂ ∂ ∂
u ;                                          (4.10) 
 
the curl                 zθru ˆ
1)(1
ˆ
ˆ
1






∂
∂
−
∂
⋅∂
+





∂
∂
−
∂
∂
+





∂
∂
−
∂
∂
=×∇
θθ
θθ rzrz u
rr
ur
rr
u
z
u
z
uu
r .      (4.11) 
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The Strain-displacement relations become: 
  
r
r
u
r
ε
∂
=
∂ ,                                                           (4.12a) 
 
 
1r uu
r r
θ
θε θ
∂
= +
∂ ,                                                     (4.12b) 
 
z
z
u
z
ε
∂
=
∂ ,                                                           (4.12c) 
 
12 r
r r
u u u
r r r
θ θ
θ θγ ε θ
∂ ∂
= = − +
∂ ∂                                            (4.12d) 
          
r
u
z
u zr
rz ∂
∂
+
∂
∂
=γ
                                                       (4.12e) 
 
θ
γ θθ ∂
∂
⋅+
∂
∂
=
z
z
u
rz
u 1
                                                       (4.12f) 
 
The Stress-strain relations have the same form as in Cartesian coordinates 
                                           2ij ijσ λ µε= ∇ ⋅ +u        , , ,i j r zθ=                                            (4.13) 
 
Then, the following equations are obtained for the potentials by substituting the equation 4.7 into 
equation 4.6: 
( ) ( )
2
2
2
2
2
2
2 122
tzrrr ∂
Φ∂
=








∂
Φ∂
+
∂
Φ∂
+
∂
Φ∂
∗+=Φ∇∗+ ρµλµλ
  (4.14)  
2
2
22
2
2
2
2
2 1
t
H
r
H
z
H
r
H
rr
H
r
H
H
∂
∂
=






−
∂
∂
+
∂
∂
+
∂
∂
∗=





−∇∗ θθθθθθθ ρµµ  
 (4.15)  
 
where Hθ  is the tangential and also the only component of H that does not vanish. By defining 
Hθ as: 
 
r
H
∂
Ψ∂
−=θ       (4.16) 
It can be shown that the scalar potential Ψ satisfies the following wave equation. The proof can 
be obtained immediately if equation 4.15 is differentiated with respect to r (Ewing et. al., 1957).  
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2
2
2
2
2
2
2 1
tzrrr ∂
Ψ∂
=








∂
Ψ∂
+
∂
Ψ∂
+
∂
Ψ∂
∗=Ψ∇∗ ρµµ
  (4.17)  
 
Equations 4.14 and 4.17 are the wave equations that govern the axisymmetric wave motion in a 
continuous, linear viscoelastic medium.  It is also worthwhile to note that if the Lamé constants, 
λ and µ, were independent of time (i.e. the material is linear elastic), then the convolution 
integral in the equations reduce to an arithmetic multiplication and these 2 equations become the  
axisymmetric wave equations for a linear elastic material (Ewing et. al., 1957, Graff, 1991).   
 
Another immediate consequence of adopting the axisymmetric coordinate system is that the 
displacement component in the tangential direction, uθ, vanishes (Graff, 1991).   
 
The deflections can be written from equation 4.7 in terms of the scalar potentials Φ and Ψ:  
 
 
zrr
ur ∂∂
Ψ∂
+
∂
Φ∂
=
2
               (4.18) 
rrrz
u z ∂
Ψ∂
−
∂
Ψ∂
−
∂
Φ∂
=
1
2
2
     (4.19) 
 
the strains  can be written, using equations 4.12 as: 
 
zrr
r ∂∂
Ψ∂
+
∂
Φ∂
= 2
3
2
2
ε
                                                             (4.20) 






∂∂
Ψ∂
+
∂
Φ∂
⋅=
zrrr
21
θε
                                                          (4.21) 
  
zrzrrz
z ∂∂
Ψ∂
−
∂∂
Ψ∂
−
∂
Φ∂
= 2
32
2
2 1
ε
                                                          (4.22a) 
 






∂
Ψ∂
−
∂
Ψ∂
−
∂
Ψ∂
+
∂
Φ∂
⋅
∂
∂
= 2
2
2
2 12
rrrzzr
rzγ
                                                (4.22b) 
 
And the stresses can be written as: 
 








∂
Ψ∂
+
∂
Ψ∂
−
∂
Ψ∂
−
∂
Φ∂
∂
∂
∗=
2
2
2
2 12
zrrrzr
rz µσ
    (4.23) 
 
( )






∂
Ψ∂
−
∂
Ψ∂
−
∂
Φ∂
∂
∂
∗+



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

∂
Φ∂
+
∂
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+
∂
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∗=++⋅+⋅=
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2
2
2
2
2
µλεεελεµσ θ
 
  (4.24) 
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4.2 Solutions for the wave equations in the Laplace-Hankel domain 
 
The solution to the wave equations presented above can be worked more conveniently by 
utilizing the integral transforms.  Taking the Laplace transform of equation 4.14 results in: 
( ) Φ=








∂
Φ∂
+
∂
Φ∂
+
∂
Φ∂
⋅+
)
)))
)) 2
2
2
2
2 12 s
zrrr
s ρµλ
    (4.25) 
where s is the Laplace variable and ( ) ∫ ∞ −= 0 )( dttfesf st
)
 is the Laplace transform of a function 
f(t).  Then, taking the Hankel Transform (also known as the Fourier-Bessel transform) of order 
zero defined as  ( ) ( )∫ ∞= 0 0)( rdrkrJrfkf
)
 of the equation 4. 25, one finds: 
( ) Φ=








Φ−
∂
Φ∂
⋅+ 22
2
2
2 sk
z
s ρµλ )
)
    (4.26) 
After a simple rearrangement of the terms, the above equation can be written as: 
02
1
2
2
2
=Φ








+−
∂
Φ∂
c
sk
z
)
     (4.27) 
ρ
µλ )
)
) 22
1
+
=c
       
From equation 4.27, the solution for the Laplace-Hankel transformed potential function, Φ , is 
obtained as the following, after dropping the term that develops an unbounded result, that is the 
wave that propagates in the negative z direction (Ewing et. al., 1957, Graff, 1991): 
 
( )skzfc
skz
AeAe ,
2
1
2
−
+−
==Φ
)
    (4.28) 
 
where A is an arbitrary constant.   
By following the same mathematical steps shown above, equation 4.15 can be rewritten as: 
02
2
2
2
2
=Ψ








+−
∂
Ψ∂
c
sk
z
)
    (4.29)  
ρ
µ))
=
2
2c
       
Again, after dropping the term leading to unbounded results, the solution for the transformed 
potential, Ψ , is obtained as: 
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( )skzgc
skz
CeCe ,
2
2ˆ
2
−
+−
==Ψ
   (4.30)  
where C is also an arbitrary constant.  
In order to make use of the solutions obtained above for the transformed potentials, it is also 
necessary to acquire the equations for the displacements and the stresses in the transformed 
domain.  While taking the Laplace transform on the displacements and the stresses is straight 
forward, additional attention is needed in taking the Hankel transform due to the spatial 
symmetry supplied by the cylindrical coordinate system adopted for the solution.  Referring back 
to Figure 4.2, one finds that the displacement at any point on the z-axis (i.e., when  r = 0) is only 
allowed to occur in the z-direction (i.e., uz ≠ 0 when r = 0) but is confined in the r-direction (i.e., 
ur = 0 when r = 0), unless the axisymmetric assumption is to be violated.   Due to these physical 
characteristics of the axisymmetric displacements, Hankel transforms of different orders need to 
be applied to ur and uz.   
Figure 4.3 shows the first few cycles of the Bessel functions of the first kind, and of orders zero 
(J0) and one (J1) that make up the kernels of the Hankel transform.  The primary difference 
between the two Bessel functions shown in the figure is that while the Bessel function of order 
zero (J0)  has a nonzero value at r = 0, the Bessel function of order one (J1)  is equal to zero when 
r = 0.  This implies that the Hankel transform of order zero whose kernel is composed of  J0  is 
appropriate for transforming the functions that exhibit nonzero values at the origin, whereas the 
the Hankel transform of order one whose kernel is made up of J1 is more appropriate for 
transforming the functions that have zero values at r = 0.  Therefore, the appropriate Hankel 
transformed that should be applied to ur and uz are of orders one and zero, respectively.  
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Figure 4.3. Bessel Functions of the First Kind. 
Taking the Laplace and the respective Hankel Transforms on the displacements, ur and uz, shown 
in equation 4.18 and 4.19 results in: 
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z
kkur ∂
Ψ∂
−Φ−=
    (4.31)  
Ψ+
∂
Φ∂
=
2k
z
uz
    (4.32)  
It should be noted that although the Hankel transform of order one was used to transform ur 
shown in equation 4.18, the Hankel transform of the potentials shown in equation 4.31 is still of 
order zero.  This is a consequence of the partial derivative with respect to r that is present in both 
terms of the right hand side of equation 4.18 and the following property of the Hankel transform 
which associates the first order transform of a function’s derivative to the zero order transform of 
the original function (Graff, 1991, Sneddon, 1995):  
( ) ( ) ( ) ( )kfkrdrkrJrfkrdrkrJ
r
rf
⋅−=−=
∂
∂
∫∫
∞∞
0 00 1
)()
)
  (4.33)  
 
Subsequently, the Laplace-Hankel transforms need to be carried out on the relevant strains and 
stresses. Due to the same mathematical arguments presented above for the displacements, the 
Hankel transform of order one should be applied on σrz and the Hankel transform of order zero 
on σz , εz , εr+θ to allow for a solution that is compatible with the axisymmetric coordinate system 
chosen for the solution. It has been chosen θθ εεε +=+ rr  to be transformed in the Laplace-
Hankel domain since it can be simply transformed, while no simple closed forms solutions exist 
for θε  and rε . After simplifying, these equations are obtained as: 
z
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z
z ∂
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2
2
2
ε
    (4.34)  
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4.3 Formulation of the Stiffness Matrices for the Layer Elements 
The solutions presented above for the scalar potentials in the transformed domain are not readily 
applicable for a multi layered system such as the one shown in Figure 4.2. In order to allow for 
the analysis of a layered system such as an asphalt pavement, it is necessary to develop the 
formulations for the layer elements of which the underlying concept origins from the method of 
Finite Element Analysis (FEA).  In this section, two types of layer elements are developed – a 2 
noded element for a layer with a finite thickness (e.g., the top layer in Figure 4.2) and a 1 noded 
element for simulation of a semi-infinite halfspace (e.g, the bottom layer in Figure 4.2).  
4.3.1 Two-Noded Element for a Layer with a Finite Thickness 
The solutions for the scalar potentials shown in the equations 4.28, 4.30 only account for the 
incident waves that propagate from the upper boundary of a layer in the direction of the positive 
z-axis, i.e., downward direction in Figure 4.2.  However, a layer with a finite thickness also 
encompasses the waves that reflect from the lower boundary and propagate in the direction of the 
negative z-axis. To account for these reflected waves, an additional term must be added to each 
of the potentials, which results in the following equations: 
( ) fzhzf BeAe −−− +=Φ
    (4.38)  
( )gzhzg DeCe −−− +=Ψ
    (4.39)  
 
where B and D are arbitrary constants and h is the layer thickness. Substituting the above 
equations into equations 4.31 and 4.32 results in the following equations for the displacements 
within a two-noded element: 
( ) ( )gzhzgfzhzf
r DkgeCkgeBkeAkeu
−−−−−−
−−−−=
  (4.40)  
( ) ( )gzhzgfzhzf
z eDkeCkBfeAfeu −−−−−− +++−= 22
  (4.41)  
For the formulation of a layer element, the displacements at the upper and lower boundaries need 
to be extracted from the above equations.  The radial and the vertical displacements at the upper 
boundary, denoted respectively as  1ru
 
and 1zu , can be obtained by substituting z = 0 in the 
above equations.  Similarly, the displacements at the lower boundary ( 2ru
 
and 2zu ) are 
acquired by substituting z = h.  In matrix form, the resulting equations for the displacements can 
be written as: 














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



























−
−−−
−
−−−
=














−−
−−
−−
−−
D
C
B
A
D
C
B
A
kekffe
kgkgekke
ekkfef
kgekgkek
u
u
u
u
hghf
hghf
hghf
hghf
z
r
z
r
1S
22
22
2
2
1
1
 (4.42)  
 
It is also necessary to obtain the equations for the strains and the stresses.  By substituting 
equations 4.38 and 4.39 into equations 4.34-37, it results: 
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( ) ( )gzhzgfzhzf
z eDkgeCkeBfeAf −−−−−− +−+= 2222ε
              (4.43)  
( ) ( ){ }gzhzgfzhzfr DgeCgeBeAek −−−−−−+ +−+−= 2θε
              (4.44)  
( ) ( ){ }gzhzgfzhzfrz DKeCKeBfeAfeks −−−−−− +++−−= 22µσ )
  (4.45)  
( ) ( ){ }gzhzgfzhzfz geDkgeCkBKeAKes −−−−−− +−+= 22 22µσ )
  (4.46)  
 
µσγ )srzrz =                                                   (4.47)  
             
  where          
2
2
22
c
skK
)
+=
                                          
 
It can be noted that equations 4.43, 4.44 can be also obtained by substituting eq. 4.40, 4.41 in eq. 
4.12. 
The stresses at the upper boundary ( 1rzσ  and 1zσ ) are obtained by substituting z = 0 in equations 
4.45 and 4.46, while those at the lower boundary ( 2rzσ  and 2zσ ) are found by substituting z = 
h, all of which can be summarized in a matrix form as follows: 
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
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
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
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












−−
−−
−−
−−
D
C
B
A
s
D
C
B
A
gkgekKKe
KKeffe
gekgkKeK
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z
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2
2
1
1
22
22
22
22
 (4.48)
  
 
Combining equations 4. 42 and 4.48 by eliminating the vector of arbitrary constants, the stresses 
can be expressed in terms of the displacements as:  














⋅⋅⋅=
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


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



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2
2
1
1
1
2
2
1
1
z
r
z
r
z
rz
z
rz
u
u
u
u
s 12 SSµ
σ
σ
σ
σ
)
   (4.49)  
where S1 and S2 are the 4 by 4 matrices defined in equations 4.42 and 4.48, respectively. 
According to the concepts of FEA, the stiffness matrix of an element defines the relationship 
between the displacement vector and the boundary traction vector.  Owing to the Cauchy stress 
principle, the boundary tractions are obtained by taking the dot product between the stress tensor 
and a unit vector directed along the outward normal of the boundary.  Calculating these tractions 
at the upper and the lower boundaries of the element and reorganizing them in a vector form 
results in the following relationship between the tractions, stresses, and displacements:    
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   (4.50)  
 
From the above equation, it is seen that the 4 by 4 matrix S2-noded is the stiffness matrix of the 2 
noded layer element which is calculated as: 
                                                            (4.51) 
 
4.3.2 One Noded Semi-Infinite Element 
The axisymmetric one noded element was schematically shown as the bottom layer in Figure 4.2.  
As shown in the figure and as its name implies, the one noded element only has a single 
boundary at the top of the layer and extends infinitely in all other directions. As a consequence, 
the waves in this element are only allowed to propagate away from the upper boundary (which is 
also the only boundary) without any waves reflecting back.  Therefore, the solutions for the 
scalar potentials shown in equations 4.28 and 4.30 can be used without any modifications. 
Substituting these two equations into equations 4.31 and 4.32 results in the following for the 
displacements: 
zgzf
r CkgeAkeu
−−
−−=
    (4.52)  
zgzf
z eCkAfeu −− +−= 2
    (4.53)  
The displacements at the boundary are obtained by substituting z = 0 in the above equations and 
can be written as the following in matrix form:  






⋅=











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



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C
A
C
A
kf
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u
u
z
r
3S2
1
1
   (4.54)  
 
Again, the equations for the shear and normal stresses are obtained by substituting the potentials 
(equations 4.28 and 4.30) into Equations 4. 36 and 4.37, respectively: 
( ){ }zgzfrz egkCkAkfes −− ++−−= 222µσ )
   (4.55)  ( ){ }zgzfz geCkegkAs −− −+= 222 2µσ )
   (4.56)  
Substituting z = 0 in equations 4.55 and 4.56 results in the stresses at the boundary: 
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  (4.57)  
From equations 4.54 and 4.57, the following relationship is attained between the stresses and the 
displacements: 


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−
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u
s 34 SSµσ
σ )
   (4.58)  
where S3 and S4 were defined in equations 4.54 and 4.57, respectively.  By applying the Cauchy 
stress principle, the following relationship is achieved between the tractions, stresses, and 
displacements:  
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where the stiffness matrix for the one noded element can be written in terms of the previously 
defined variables as: 
1
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4.4 Incorporating Elastic and Viscoelastic Layer Properties 
For a homogenous, isotropic, elastic material whose properties are independent of time, the 
relationship between the elastic modulus, E, and the Lamé constant, µ, is given by the theory of 
linear elasticity as: 
                                                                 
)1(2 νµ +=
E
     (4.61)
 
Because the parameters in the above equation are not functions of time, the Laplace transform of 
the above equation is simply obtained as: 
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s
E
s
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1
)1(2 ⋅+== ν
µµ)                                                   (4.62)
 
However, as it was noted by the pioneer of the spectral element method for layered media (Rizzi, 
1989), it is advantageous to add a small amount of damping to the Lamé constant, µ, as no 
realistic material is purely elastic. Following Rizzi (1989), this artificial damping can be added to 
the above Lamé constant as: 
                                                           ( ) ( ) ( )sss ⋅+⋅= ζµµ 1))                                                    (4.63)
 
where ζ is a damping constant. To simulate the wave propagation through an elastic layer, the 
above simple equation can be substituted into the equations for the layer elements presented 
earlier. To incorporate the viscoelastic material effects into the solution derived in the previous 
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sections, it is necessary to adopt a simple function that is capable of representing the fundamental 
property of a viscoelastic material analytically.  In addition, because all of the time-dependent 
variables including stresses, displacements, and material properties (i.e., Lamé constants) were 
transformed into the Laplace domain, it is preferable to choose a function that is easily 
transformable into the Laplace domain.  The Prony series has been selected because it still 
maintains a simple form while representing the viscoelastic property effectively.  Again, this 
function is expressed as: 
                                                       
14
1
( )
tr
TKm
mE t E E e
 
− 
 
∞
 
 
= + × 
 
 
∑
                                            (4.64)
 
( ) ( ) ( )log log logrt t aT= −
 
( ) ( ) ( )2 21 2log aT a T Tref a T Tref= × − + × −
 
where Em, and TKm are the Prony series parameters; aT, a1 and a2 are the shift factor and its 
coefficients; and T and Tref  are the temperature and the reference temperature. Taking the 
Laplace transform on the above equation results in: 
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rs s aT= ×
 
( ) ( ) ( )2 21 2log aT a T Tref a T Tref= × − + × −
 
For viscoelastic material, the Poisson’s ratio is also time dependent.  However, the Poisson’s 
ratio has typically been assumed to be a time-independent constant in past literatures (Huang, 
2004).  In addition, Lee and Kim (2009) showed that assuming a reasonable constant value for 
the Poisson’s ratio still results in accurate viscoelastic responses.  The assumption of a constant 
Poisson’s ratio implies that the time dependent behavior of a viscoelastic material in shear or 
bulk is identical to the behavior in uniaxial mode, and simplifies the solution significantly (Kim 
et. al., 2010).  With this assumption, the relationship between the viscoelastic Lamé constant and 
the uniaxial relaxation modulus shown in equation 4.65 is found to be the following: 
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4.5 Construction of the Global Stiffness Matrix 
After the stiffness matrices have been obtained for all the layers that make up the structure, the 
global stiffness matrix may be constructed in the same way as the traditional FEA methods 
(Cook et. al., 2001).   
Figure 4.4 shows how the global stiffness matrix is constructed for a layered system resting on a 
halfspace.  As mentioned, this pavement model is capable of dissipating the energy 
geometrically through the one noded halfspace and is generally used for simulating the FWD 
time histories that do not show free vibration at the end of the loading.  
 30 
1
noded2−S
•
•
•=GlobalS
2
noded2−S
1-n
noded2−S
n
noded1−S
 
Figure 4.4. Construction of the global stiffness matrix for structures with a halfspace. 
Upon constructing the global stiffness matrix, the displacements at the system nodes can be 
found from the following equation:  
PSU ⋅= −1Global
                                                        
 
                                      { }′= znrnzirizr UUUUUU KK11U                          (4.67) 
 { }′= znrnzirizr PPPPPP KK11P
 
U is a vector of system displacements to be calculated in global coordinates with riU and ziU  
being the radial and vertical
 
displacements at the ith node from the top, respectively.  Similarly, 
P is a nodal force vector in global coordinates, with the radial and vertical forces at the ith node 
denoted as riP  and ziP , respectively.  The nodal forces in this vector should be obtained from 
the boundary conditions as will be presented in the next section.  
Once the vector U  is known, it can be used to obtain the shapefactors A, B, C, D . The first four 
terms of  U , can be used in equation 4.42 so that: 
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The Shapefactors can be introduced in equations 4.40, 4.41  to obtain the expressions in the 
Hankel-Laplace domain for the displacements at any depth z  or in equations 4.43,  4.44,  4.47  to 
obtain the expressions, still in the Hankel-Laplace domain, for the strains at any depth z.  
Therefore: 
the displacements at any node can be obtained through equation 4.67;                                           
the displacements 
rz uu ,  at any depth can be obtained through equations 4.40, 4.41; 
the strains 
rzrz γεε θ ,, +  at any depth can be obtained through equations 4.43, 4.44, 4.47 . 
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The stresses could be obtained at any depth through equations 4.45, 4.46. There is no need to 
calculate the stresses in the Hankel-Laplace domain though, since they can be obtained from the 
strains in the time domain, by using the constitutive equation 4.4.  
 
4.6 Boundary Conditions for f Circular Unit Impulse Loading at the Ground 
Surface 
For the problem in hand where the loading is induced by an impact of a falling weight at the 
ground surface, all components of P in equation 67 vanish except for 1zP . In other words, the 
only external load applied to the system is in the vertical direction at the top node (node 1).  In 
this project, this surface force will also be in the form of a unit impulse load acting over a 
circular area, for the reasons to be explained in subsequent sections of the report. In the physical 
time and spatial domain, this boundary condition is mathematically expressed as the following: 
)()(),(1 trRtrPz δ⋅=
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where δ(t) is the dirac delta function for the impulse loading and, a is the radius of the circular 
loaded area.  However, it should be noted that the stiffness matrices were previously derived in 
the Laplace-Hankel domain rather than the physical domain.  As such, it is also necessary to 
convert the above boundary condition into the one in the transformed domain.  Because the 
Laplace transform of δ(t) is equal to 1, taking the Laplace-Hankel transforms of equation 4.69 
simply results in the following equation: 
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4.7 Inversion of Laplace and Hankel Transforms 
As mentioned, the displacements 
rz uu , , and the strains rzrz γεε θ ,, +   can be obtained at any 
depth from the global stiffness matrix, the shapefactors and the force boundary condition 
described in the previous sections.  It is noted again that the displacements and the strains 
obtained in this manner are in the Laplace-Hankel domain and need to be inverse transformed 
back to the physical domain.  However, it has been shown that even for an elastic halfspace 
(which simply has a single boundary) subjected to a point load, the closed form inversion of the 
Laplace-Hankel transformed displacement is rather complicated and is close to impossible for a 
generalized problem (Graff, 1991). Same applies for the closed form inversion of the 
transformed strains.  Therefore, the closed form inversion is not even attempted due to the 
mathematical complexity arising from the viscoelastic material behavior and the wave 
propagation phenomenon.  Instead, the inversion will be carried out numerically for both the 
Laplace and Hankel transforms.   
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4.8 Numerical Inversion of the Hankel Transform 
As it was mentioned in chapter 4.2, Hankel transforms of order zero were used  to transform the 
vertical  displacements, the vertical strains and θε +r .  The Hankel  transforms of order  one were 
used to transform the radial displacements and 
rzγ .                                                          
Therefore, the inverse Hankel transform of respective orders must be carried.  In this chapter, the 
numerical  integration  scheme  will  be  outlined  for  the vertical  displacement  (i.e, the inverse 
Hankel transform of order zero).   The other inverse transforms can also be evaluated in a similar 
manner.   The closed form equation for the inverse Hankel transform of the vertical displacement 
at node i is given as:  
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The above integral can also be written as a series of integrals:  
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Then, each integral in the right hand side of equation 72 needs to be evaluated numerically. Upon 
selecting the 6-point Gaussian quadrature as the numerical scheme to be used, the integral in the 
above equation can be evaluated as (Abramowitz and Stegun, 1972): 
                             
( ) ( ) ( ) ( ) pppzi
p
p
nn
b
b
zi JUw
bb
kdkkrJkU
n
n
βββ 0
6
1
1
0 2
1
∑∫
=
+ −
=
+
                        (4.73)
 
                                  





 +
+




 −
=
++
22
11 nn
p
nn
p
bb
x
bbβ
                                                       (4.74)
 
 
where xp and wp are the Gaussian nodes and their corresponding weights, respectively.   
The parameter bn defines the limits for each integration which can be chosen arbitrarily.  
However, Cornille (1972) indicated that the convergence of the Gaussian quadrature is greatly 
improved if the limits are selected to be the successive roots of the derivative of the Bessel 
function that comprise the kernel of the inverse transform.  Based on a sensitivity analysis 
conducted by the author, subdividing the region between the successive roots of the Bessel 
function of order one (that is, the derivative of the Bessel function of order zero) into ten smaller 
regions of equal intervals provided satisfactory results for the numerical integration.   
It is also noted that the upper bound of the integral shown in equation 4.71 is equal to infinity. 
This indicates that the summation of integrals shown in equation 4.72 should also span over an 
infinite range.  However, as it was indicated by Kim (2011), the numerical integration converges 
very rapidly even after the first few cycles of the Bessel function comprising the kernel of the 
inverse Hankel transform.  Therefore, in his static solution for a viscoelastic layered system, the 
first five cycles of the Bessel function were used to invert the Hankel transform near the loaded 
area, and less number of cycles in the region far from the loading (Kim, 2011).  The developers 
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of the axisymmetric spectral element method used the Fourier-Bessel series (which is the 
discrete version of the Hankel transform) in their solution and the summation was also carried 
out approximately for the first five cycles of the Bessel function (Al-Khoury et. al., 2001a).  
Although the details will be omitted for the compactness of this report, the sensitivity analysis 
performed for the proposed algorithm also showed that the numerical integration over the first 
five cycles of the Bessel function is adequate for the solution.   
4.9 Numerical Inversion of the Laplace Transform 
For the inverse Laplace transform, a multi precision numerical scheme known as the Fixed 
Talbot Algorithm is adopted in this report due to its efficiency, accuracy, and ease for 
implementation (Abate and Valko, 2004).   The Bromwich integral which is the standard 
equation for the inverse Laplace transform is given as: 
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where 1−=j .  The contour, B, chosen for the above integral is along the following path: 
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In equation 4.76,  M is the number of precision decimal digits to be used for the numerical 
analysis.  For the sake of accuracy, this value is specified to be equal to the machine precision.  
By replacing the contour path in equation 4.75 with the one in equation 4.76, one finds: 
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Finally, the inverse Laplace transform is obtained by approximating the integral in equation 4.77 
through the trapezoidal rule: 
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4.10 System Response to Arbitrary Loading 
As it was described in equation 4.69, the boundary condition considered in the previous sections 
was for a unit impulse load distributed over a circular area.  As such, the vertical 
displacement, ziU , obtained using equation 4.78 represents the unit impulse response of the 
layered system in time domain.  The primary advantage of the time domain unit impulse 
response is that the system response to any arbitrary loading can be obtained through the 
convolution integral (Santamarina and Fratta, 1998, Bendat and Piersol, 2010).  Theoretically, 
this convolution integral for a continuous function is given as: 
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where T(t) could be any arbitrary time dependent loading function and yzi(t) is the corresponding 
vertical displacement at node i. For a discrete signal such as an FWD time history, the above 
equation needs to be evaluated numerically as (Santamarina and Fratta, 1998, Bendat and 
Piersol, 2010): 
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where ∆t is time interval of the discrete signal and tn = n∆t for an integer n.   
An analogue procedure is used to evaluate the radial displacement ( )nri tu  , and the strains  
( ) ( ) ( )nirznirniz ttt εεε θ ,, )( +  at node i .  
As seen in chapter 4.5 these values can be calculated not only at the nodes, but for any depth. 
Reminding that, due to the axisymmetry, the displacement component in the tangential direction, 
uθ, is null, the tangential component of the strain ( )ni tθε  can be obtained using equation 4.12b.  
The radial component of the strain can be therefore obtained by difference: 
 
                                               
( ) ( ) ( )ninirnir ttt θθ εεε −= + )(
                                               (4.81) 
Then , the stresses can be calculated by using equation 4.4. 
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5 - VISCOWAVE  II 
The solution developed in chapter 4 was implemented on the programming language MATLAB 
to create ViscoWave (Lee, H. S., “ViscoWave”). The first version only calculated the deflection 
at the surface. Later, the program has been updated into ViscoWave II (Chatti,K., and Zaabar, I. 
(2013) "ViscoWave-II"); its computational efficiency has been highly improved by using parallel 
computing and new features were added. ViscoWave II can calculate deflections at any point of 
the pavement. As part of this thesis the program has been further upgraded to calculate stresses 
and strains at any point. 
 
The Inputs required by the program are the characteristics of the pavement, the loading 
conditions and the coordinates of the points where the response of the pavement has to be 
evaluated. 
 
ViscoWave II provides solution for both elastic and viscoelastic materials. It can take into 
account a stationary or a moving load(ViscoWave II-M). If the load is moving, it is obviously 
required to input its speed. 
 
To define the structure of the pavement it is necessary to input: 
 
- the number of layers 
- the thickness of the layers 
- the mechanical characteristics of the layers 
 
• Poisson ratio 
• Density 
• Elastic modulus 
 
To define the loading conditions it is necessary to input: 
 
- the pressure of the tire 
- the radius of the tire imprint 
- the normalized load as function of time 
 
 
Four different cases will be analyzed in the following chapters: 
 
 Stationary load, elastic behavior's materials 
 Moving load, elastic behavior's materials 
 Stationary load, viscoelastic behavior's materials 
 Moving load, viscoelastic behavior's materials 
 
The imprint of the tire is considered circular and the pressure uniformly distributed. In chapter 
5.5 a different distribution will be taken in consideration. 
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5.1  Stationary load, elastic materials 
The structure of the pavement is indicated in figure 5.1. It consists of three layer, representing 
the asphalt course, the base course and the sub-grade. An elastic behavior is assumed for all the 
materials. 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.1. Pavement structure. 
 
 
The normalized load function of figure 5.2 is the one used. It is a dynamic impulsive load. It was 
chosen since it approximates well the one from a FWD test. 
The load function can be obtained multiplying the normalized load function with the load of the 
tire. 
The tire load is simply calculated: 
 
 pAL ⋅=   
 
where  
A is the area of the circular tire imprint 
p is the pressure of the tire. 
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Figure 5.2. Normalized load function. 
It has been chosen to study the effects on the pavement caused by a truck of the weight of 18 
tons. The weight of the truck is distributed equally over 10 wheels, whose characteristics are 
reported in table 5.1 . 
 
Tire Radius 8.8 cm 
Tire Area 243.2 cm 
Tire pressure 724 kPa 
Tire Load 17.8 kN 
 
Table 5.1. loading characteristics. 
 
The response of the pavement is calculated in 9 locations, which correspond to the sensor 
locations in a Falling Weight Deflectometer test. All the points are located on the surface of the 
pavement. 
The distances of the evaluation points from the center of the tire are reported in table 5.2  
 
[in] 0 8 12 17 24 36 48 60 72 Distance [cm] 0 20.32 30.48 43.18 60.96 91.44 121.92 152.4 182.88 
ViscoWave II Violet Green Red 
Light 
blue  Purple Yellow Black Blue Light green Color 
SAPSI Light blue Red Yellow Purple Green Sky blue Amber  
Water 
Blue Orange 
 
Table 5.2. Location of the evaluation points. 
Due to the hypothesis of axysimmetry the response of any point depends only by its distance 
from the center of the tire. 
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5.1.1  From cylindrical to cartesian coordinates and comparison with other software 
In order to check the validity of the results, they have been compared with three other programs' : 
KENLAYER, OpenPave and SAPSI. 
 
SAPSI is able to analyze a dynamic load and provides the results in cylindrical coordinates. 
Follow the comparison of the results provided by ViscoWave II and SAPSI. 
 
 
 
 
 
 
 
Figure 5.2. Unitary load function. 
 
 
 
 
 
Figure 5.3. Vertical deflection calculated with ViscoWave II (left) and SAPSI(right) . 
 
 
 
 
 
 
 
 
 
Figure 5.4. Radial deflection calculated with ViscoWave II (left) and SAPSI(right) . 
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Figure 5.5. SigmaR calculated with ViscoWave II (left) and SAPSI(right)  
 
 
 
 
 
 
 
  
 
 
 
 
 
Figure 5.6. SigmaTeta calculated with ViscoWave II (left) and SAPSI(right)  
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 Figure 5.7. SigmaZ calculated with ViscoWave II (left) and SAPSI(right) . 
 
 
 
 
 
 
 
 Figure 5.8. EpsilonZ calculated with ViscoWave II (left) and SAPSI(right) . 
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 Figure 5.9. EpsilonR calculated with ViscoWave II (left) and SAPSI(right) . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
Figure 5.10. EpsilonTeta calculated with ViscoWave II (left) and SAPSI(right) . 
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The orientation of the radial and the tangential components is inverted in the two programs. 
Therefore in the comparison it has to be considered the opposite of the values provided by 
SAPSI for .,,,, θθ σσεε rrru  
Due to the hypothesis of axysimmetry , 0=θu and for the point located in the center of the tire 
(indicated by the violet and light blue color line ), 0=ru .  
For  z = 0,  results 0=rzτ  
 
Both OpenPave and KENLAYER can only consider a static load, which means that 
displacements, stresses and strains are not functions of time.  
Subsequently they can only be compared with the maximum values obtained from ViscoWave II. 
These programs provide results in cartesian coordinates, therefore the results from ViscoWave II 
have to be transformed from the cylindrical to the cartesian system by using equations 5.1. 
All the evaluation points are located on the x-axis. 
The results from SAPSI have been transformed using the same equations. 
 
 
 
 
 
 
 
 
 
 
Figure 5.11. From cylindrical to cartesian coordinates. 
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The angle θ  is measured from the positive direction of the x-axis to that of the y-axis 
 
Written explicitly they become: 
 
θcos⋅= rx uu  
θsin⋅= ry uu  
θεθεε θ 22 sincos ⋅+⋅= rx  
θεθεε θ 22 cossin ⋅+⋅= ry  
( ) θθεεεγ θ sincos22 ⋅−⋅=⋅= rxyxy  
θγγ cos
rzxz =  
θγγ sin
rzyz =  
θσθσσ θ 22 sincos ⋅+⋅= rx  
θσθσσ θ 22 cossin ⋅+⋅= ry  
( ) θθττττ θ sincos22 ⋅−⋅=⋅= rxyxy  
θττ cos
rzxz =  
θττ sin
rzyz =  
 
(5.1) 
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Figure 5.12. OpenPave results. 
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Figure 5.13. KENLAYER results. 
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In the following table the results for the point located under the center of the load are compared. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 5.3. Comparison of the results. 
 
The orientation of the vertical, radial and the tangential components differs in each program. 
Only the absolute values are considered for this comparison. 
 
It can be noted that the value of the vertical stress does not result exactly 724kPa, that is the 
pressure of the tire, and, for the action reaction principle, the pressure on the surface of the 
pavement. The error is caused by the numerical approximations in the inverse Laplace and 
Hankel transforms. 
 
It is also relevant to say that in ViscoWave II a damping coefficient ζ  equal to 0.1% was 
introduced (see equation 4.63).  
The effect of the introduction of a damping coefficient is a reduction of the maximum deflection 
of the pavement. 
 
The programs do not show agreement on the maximum value of the vertical strain. This happens 
only for the point located on the surface under the center of the tire. The results become very 
similar for the points located farther from the load. 
 
 
  
OpenPave KENLAYER VISCO WAVE II  SAPSI 
δx (mm) 0 0 0 0 
δy (mm) 0 0 0 0 
δz (mm) 0.1455 0.1416 0.1278 0.1249 
σxx (kPa) -1041.068 871.163 -1127.846 914.214 
σyy (kPa) -1041.068 871.163 -1127.846 914.214 
σzz (kPa) -724 724 -726.193 718.401 
τxy (kPa) 0 0 0 0 
τxz (kPa) 0 0 0 0 
τyz (kPa) 0 0 0 0 
εxx (µε) -84.659 75.78 -84.071 236.878 
εyy (µε) -84.659 75.78 -84.071 236.878 
εzz (µε) 0.95 -14.9 -22.37 55.97 
γxy (µε) 0 0 0 0 
γxz (µε) 0 0 0 0 
γyz (µε) 0 0 0 0 
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5.1.2  Maximum displacements, strains and stresses as functions of depth 
In the previous chapter all the analysis were effectuated on points located on the surface. 
In this chapter the results of OpenPave and ViscoWave II are compared as functions of depth. 
Three different locations are considered: under the load, and at a distance of 3 and 4 inches along 
the x-axis. Since the points are located along the x-axis 0=θ , hence from equations 5.1 results 
rx uu = rx εε = θεε =y rx σσ = θσσ =y . 
That's the reason why the results from OpenPave are considered to be in cylindrical coordinates. 
 
To obtain the results of ViscoWave II as functions of depth the algorithm needs to be modified.  
The asphalt course and the base course are sub-divided into ten layers each . By doing that the 
number of nodes increases up to 21. 
Once the vector U is obtained ( see chapter 4.5 ), no shapefactors are calculated, hence no strains 
and stresses are evaluated in the Laplace-Hankel domain. The displacements 
rz uu ,  are 
transformed into the time domain, as reported in chapters 4.7 - 4.10. 
In the time domain stresses and strains are calculated using equations 12,13. The derivatives are 
calculated using the finite element method. Such method causes the error to propagate, therefore 
the values calculated by this modified version of ViscoWave  II differ from the results of the 
original version.  The value of displacements, stresses and strains at any depth has to be 
calculated using the original version. 
The purpose of the following plots is not to compare the values obtained with the two programs, 
as done in the previous chapter, but to show the matching shape of the functions.   
 
The plots representing 
rr σε ,  are omitted since they are equal to θθ σε ,  respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.14. Maximum vertical deflection calculated with OpenPave (left) and ViscoWave II(right) 
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Figure 5.15. Maximum radial deflection calculated with OpenPave (left) and ViscoWave II (right) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.16. Maximum vertical strain calculated with OpenPave (left) and ViscoWave II (right) . 
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Figure 5.17. Maximum tangential strain calculated with OpenPave (left) and ViscoWave II (right). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.18. Maximum vertical stress calculated with OpenPave (left) and ViscoWave II (right) . 
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Figure 5.19. Maximum tangential stress calculated with OpenPave (left) and ViscoWave II (right). 
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5.2  Moving Load, Elastic Materials 
The structure of the pavement is the same as in figure 5.1. 
 
To consider a moving load it is necessary to use the cartesian system. 
The program simulates a load moving on the x axis and calculates the response of the pavement 
in the selected point of coordinates P= (Py, Pz)  as the load approaches, reaches the minimum 
distance from the point ( that is its Py coordinate) , and leaves.  
The line of the travel is divided into a total of 399 points spaced evenly at a distance of 0.25 feet 
(7.62 cm) in a range from -50 feet to +50 feet (from -15.24 m to + 15.24 m).   
Figure 5.20 shows a schematic representation of the evaluation point and the loading points. 
 
 
 
Figure 5.20. Evaluation points and loading points. 
 
 
The angle iθ  necessary to transform into cartesian coordinates can be simply calculated: 
i
y
i d
P
=θcos
                                                                    (5.2)   
where  
22
iyi xPd +=  
ix  is the x coordinate of the i-loading point.  
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The moving load is simulated by loading the points in such a way that the pavement system 
always carries the full load of the tire, as indicated in figure 5.21.  
 
 
 
Figure 5.21. Scheme for simulating a moving load. 
 
The response of the pavement in the evaluation point is calculated using the superposition 
principle: the effects of each loading point in the evaluation point are summed up as follows. 
 
The load is moving at a constant speed Vx, the loading points are spaced ∆x=0.25 feet . 
At time t = 0 the load approaches the first loading point j (the x coordinate of j is -17 feet). 
After a time ∆t = ∆x / Vx the load has moved to the next point.  
 
For t = 0 to t = ∆t , P is only subject to the load located in point j, distant dj from P . 
The displacements, stresses and strains can be calculated as seen in chapter 5.1.  
In P  uz = uz(t,dj) ( see figure 5.3 ). 
  
For   ∆t < t ≤  2∆t  the effects of the load in point j+1 have to be considered.  
In P results uz = uz( t, dj ) + uz( t-∆t, dj+1 ).  
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For   2∆t < t ≤  3∆t  the effects of the load in point j+2 have to be considered.  
In P results uz = uz( t, dj ) + uz( t-∆t, dj+1 ) + uz( t-2∆t, dj+2 ). 
Each interval ∆t the effects of a new point have to be added.  
The normalized loading is chosen as function of speed, so that as a new point (j+2) on the 
pavement is loaded, the previous point (j+1) is at its maximum load, and the point (j) that 
precedes B is unloaded. ( See figure 5.22 ) 
Hence, as point j+2 is loaded , point j has a null load,  uz( t, dj ) = 0 . 
In P results uz = uz( t-∆t, dj+1 ) + uz( t-2∆t, dj+2 ). 
 
In general, the response in P is  
 
    ),(),)1(( 1+∆⋅−+∆⋅−−= jzjzz dtjtudtjtuu   ,      1 < j  ≤  399               (5.3)   
 
Where 
x
Vtj x
∆
⋅
=  ,approximated to the greatest integer. 
 
Radial displacements, stresses and strains are calculated using the same method. 
 
The version of the program that simulates a moving load is named ViscoWave II - M 
5.2.1  Results and comparison with other software  
 
The results for the point of coordinates Py = Pz = 0  are compared with the results from 
ViscoRoute and 3D-Move. 
 
The following graphs show the results provided by   
 
1)ViscoWave II -M ,  
2)ViscoRoute , 
3) 3D-Move. 
 
The orientations of the axes in 3D-Move are the opposite in the other two programs, hence the 
absolute values have to be considered as parameter of comparison. 
 
In table 5.3 the maximum values obtained are compared. 
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Figure 5.22. Vertical displacement. 
 55 
 
 
 
 
Figure 5.23. Horizontal displacement. 
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Figure 5.24. Vertical stress. 
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Figure 5.25. Transversal stress. 
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Figure 5.26. Horizontal stress. 
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Figure 5.27. Vertical Strain. 
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Figure 5.28. Horizontal strain. 
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Figure 5.29. Transversal strain. 
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3D-Move ViscoRoute ViscoWave II - M 
% difference between 
ViscoRoute and  
ViscoWave II - M 
δx (µm) -8.80 8.82 9.03 -2.38% 
δy (µm) 0 0 0 0 
δz (µm) 165.05 148.28 141.00 4. 91% 
σxx (kPa) 1047.90 -1055.45 -1090.03 -3.28% 
σyy (kPa) 1039.80 -1051.99 -1084.16 -3.06% 
σzz (kPa) 779.47 -736.32 -726.31 -1.36% 
τxy (kPa) 0 0 0 0 
τxz (kPa) 0 0 0 0 
τyz (kPa) 0 0 0 0 
εxx (µε) 86.90 -89.27 -79.6 10.83% 
εyy (µε) 84.13 -87.82 -81.22 7.51% 
εzz (µε) -48.73 50.68 30.66 39,50% 
γxy (µε) 0 0 0 0 
γxz (µε) 0 0 0 0 
γyz (µε) 0 0 0 0 
 
Figure 5.3B. Comparison of the results. 
 
The comparison between ViscoRoute and ViscoWave II -M shows: 
 
• a discordance between the results inferior than 5% for displacement and stresses. The 
differences in the results are caused by the different calculation methods used by the 
programs, and by the numerical approximations. The percentage differences between 
ViscoRoute and 3D-Move are of the same magnitude; 
 
• a marked disagreement in the results for the strains, in particular for εz. As in chapter 5.1, 
this happens because the evaluation point chosen is on the surface of the pavement, and 
the load passes exactly over it. If  Py or Pz   are chosen nonzero, the difference in the 
results decreases. 
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5.3  Stationary Load, Viscoelastic Materials 
The loading characteristic and the structure of the pavement is the same as in chapter 5.1, 
except for the characteristics of the asphalt course. 
By considering an elastic behavior for all the materials, the Elastic Modulus E, and the Poisson 
ratio ν were assumed to be time independent.  
By assuming a viscoelastic behavior for the AC, while the Poisson ratio is still considered time 
independent, the modulus E becomes time-temperature dependent, as seen in chapter 4.4. 
 
The relaxation modulus E(t) of the asphalt course is showed in figure 5.30  
 
 
 
Figure 5.30. Relaxation modulus E[t]. 
 
The response of the pavement is calculated in 68 sensor locations, evenly spaced by 3 inches        
(7.62 cm ), from the center of the tire to a distance of 204 inches (518.16cm). 
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Figure 5.31. Vertical displacement. 
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Figure 5.32. Radial displacement. 
  
 
 
 
 
 
 
 
 
 
 
 
 
   
 
 
 
 
  
 Figure 5.33. Vertical stress. 
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Figure 5.34. Radial stress. 
 
  
 
 
 
 
  
 
 
 
 
 
 
 
 
Figure 5.35. Tangential stress. 
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Figure 5.36. Radial strain. 
  
 
  
 
 
 
 
 
 
 
 
 
 
Figure 5.37. Vertical strain. 
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Figure 5.38. Tangential strain. 
  
 
 
 
Although the results are not compared with those of other programs, the values obtained are used 
to calculate the results for the moving load, that are compared with the ones from ViscoRoute 
and 3D-Move in the next chapter.  
The small percentage differences in the results (table 5.4) is a confirmation of the reliability of 
the calculations made by ViscoWave II in stationary conditions. 
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5.4  Moving Load, Viscoelastic Materials  
 
The structure and the characteristics of the pavement are the same as in chapter 5.3. 
The moving load is simulated as explained in chapter 5.2, with the difference that the line of the 
travel is divided into a total of 135 points spaced evenly at a distance of 0.25 feet (7.62 cm) in a 
range from -17 feet to +17 feet (from - 5.18  m to + 5.18 m).   
 
The following graphs show the results provided by   
 
1)ViscoWave II - M ,  
2)ViscoRoute , 
3) 3D-Move. 
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Figure 5.40. Vertical displacement. 
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Figure 5.41. Horizontal displacement. 
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 Figure 5.42. Transversal strain. 
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 Figure 5.43. Vertical strain. 
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 Figure 5.44. Horizontal strain. 
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 Figure 5.45. Horizontal stress.  
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Figure 5.46. Transversal stress. 
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Figure 5.47. Vertical stress. 
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In the following table the maximum value of displacement, stresses and strains are compared 
  
3D-Move ViscoRoute ViscoWave II - M 
difference between 
ViscoRoute and  
ViscoWave II - M 
δx (µm) 10.01 11.03 9.69 12.14% 
δy (µm) 0 0 0 0 
δz (µm) 191.51 159.00 152.53 4.07% 
σxx (kPa) 988.76 -1002.66 -1012.03 -0.93% 
σyy (kPa) 989.07 -986.48 -994.8 -0.84% 
σzz (kPa) -779.47 -735.12 -742.03 -0.94% 
τxy (kPa) 0 0 0 0 
τxz (kPa) 0 0 0 0 
τyz (kPa) 0 0 0 0 
εxx (µε) 97.28 -97.65 -95.26 2.45% 
εyy (µε) 102.01 -105.08 -103.09 1.12% 
εzz (µε) -47.47 55.44 35.98 35,10% 
γxy (µε) 0 0 0 0 
γxz (µε) 0 0 0 0 
γyz (µε) 0 0 0 0 
 
Table 5.4. Comparison of the results. 
 
The orientations of the axes in 3D-Move are the opposite in the other two programs, hence the 
absolute values have to be considered as parameter of comparison. 
 
The differences in the results are caused by the different calculation methods used by the 
programs, and by the numerical approximations. Moreover the conversion from the relaxation 
modulus E(t) used by ViscoWave II - M, to the complex modulus E* of the sigmoidal function 
used by 3D-Move or to the complex modulus E* of the Huet-Sayeg function used by ViscoRoute 
causes error that affects the results. 
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The comparison between ViscoRoute and ViscoWave II - M shows : 
 
• a good agreement in the results for the stresses. 
 
• A discrepancy in the results for the deflections. It can be noted that, although the δx 
calculated with ViscoRoute is 12.14% bigger than the one calculated with ViscoWave II - 
M, such difference consists in only 1.34 µm, an extremely small length. 
 
• Same observation can be moved for the vertical displacement, 4.07%  difference is equal 
to 6.47 µm. 
 
• a good agreement in the results for the horizontal and transversal strain. And, as said for 
the displacements, the differences are very small, this time in the order of the 
microstrains.   
 
• A marked disagreement in the results for the vertical strains. This is shown in the table, 
and also in the graphs of figure 5.43 . As in chapter 5.1 and 5.2 , this happens because the 
evaluation point chosen is on the surface of the pavement, and the load passes exactly 
over it. If  Py or Pz   are chosen nonzero, difference in the results reduces drastically.  
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5.5  Realistic Distribution Of Pressure  
In the previous chapters the pressure of the tire is considered to be distributed uniformly on a 
circular surface. Wang H. in “Analysis Of Tire-Pavement Interaction And Pavement Responses 
Using A Decoupled Modeling Approach” indicates a realistic distribution of pressure for a wheel 
of an 18t truck ( loading conditions of 17.8 kN and 724 kPa ) as shown in figure 5.48. The 
dimensions of the imprint are shown in figure 5.49.  
 
 
 
 
Figure 5.48. Vertical contact stress  for a loading condition of 17.8 kN , 724kPa  
 
 
 
The distribution of the vertical stresses along the X axis can be assumed to be  
 
2
1 





−⋅=
L
xqq peak                                                                                                               (5.4) 
where  peakq  is the maximum value of the pressure:  
L is half the length of the tire's imprint ( -L < x < L ); 
Ppq peak 35.123.1317 ++=    for the center rib; 
Ppq peak 27.120.1100 ++=    for the intermediate ribs; 
Ppq peak 84.1448.012 ++=    for the edge ribs. 
p   is the pressure [kPa]. 
P   is the load [kN]. 
 
To consider a more realistic distribution of pressures using ViscoWave II, the tire is divided into 
5 ribs,  and each rib is divided into 5 loading circular surfaces, of radius 17.5mm, as presented in 
figure 5.49. 
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Figure 5.49. Division of the wheel 's imprint into loading circular surfaces 
  
 
By assuming a distribution of the vertical stresses along the Y axis    
   
2
1 





−⋅=
W
yqq peak  ,                                                                                                               (5.5) 
where  
W is half the width of the tire's imprint ( -W < y < W ). 
 
To each rib can be assigned a uniform pressure distribution  
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aW , bW  are the Y coordinate of the edges of each rib, ba WW > . 
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L
x
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To each circle in the rib is assigned a pressure 
 
circle
rib
ribn
i
i
i
i A
A
q
q
q
p ⋅⋅=
∑
=1
                                                                                                               (5.8) 
 where n is the number of circles in the rib (n=5). 
 
so that   
ribribcircle
n
i
i AqAp ⋅=⋅∑
=1
 .                                                                                              (5.9) 
Considering all the loading circles (m=25)  PAp circle
m
i
i =⋅∑
=1
                                                  (5.10) 
 
The effects of the circles are summed in the evaluation points using the principle of 
superposition of the effects, after transforming from cylindrical to cartesian coordinates. 
 
In the following graphs the results for the evaluation points reported in table 5.5  are plotted, 
considering a realistic distribution of pressure. The load function and the structure of the 
pavement  are the same as in chapter 5.1. 
 
 
[in] 0 8 12 17 24 36 48 60 72 
[cm] 0 20.32 30.48 43.18 60.96 91.44 121.92 152.4 182.88 
Color Light blue Red Yellow Purple Green Sky blue Amber  
Water 
Blue Orange 
 
Table 5.5. Location of the evaluation points. 
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Figures 5.50, 5.51. Vertical and horizontal deflection. 
 
 
 
 
 
 
Figures 5.52, 5.53. Horizontal and transversal strain. 
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Figures 5.54, 5.55. Vertical stress and strain. 
 
 
 
 
 
 
Figures 5.56, 5.57. Horizontal and transversal strain.  
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6 - FUEL CONSUMPTION EXCESS 
6.1 Energy Dissipated from the Pavement 
The load applied from the tire transmits energy to the pavement while moving. This energy is 
divided into an elastic part,  that is entirely recovered by the wheel,  and an inelastic part that is 
dissipated by the pavement. The dissipation of the energy is due to the viscous properties of the 
constitutive materials of the asphalt course. The dissipated energy produces small changes in the 
structure of the pavement. In long terms it results in a decay in the structural performance of 
pavements, that progressively leads to crack growth. 
 
The energy dissipated by a moving load in a volume V is: 
 
                                                    
dVdtW yzyzxzxzxyxyzzzzyyyyxxxxdiss 






⋅⋅+⋅⋅+⋅⋅+⋅⋅+⋅⋅+⋅= ∫∫∫∫
+∞
∞−
εσεσεσεσεσεσ &&&&&&                   (6.1)  
  
  dVdttwWdiss 






= ∫∫∫∫
+∞
∞−
)(                                               (6.2)
 
 
The interval of time considered ];[ +∞−∞  is conveniently substituted with the time it takes the 
load to come from a far distance (such that the effects on the pavement are null), and move away 
of the same distance. 
 
Stresses and strains can be calculated for any point as seen in chapter 5.4.  
 
The derivative of the strains is calculated using the finite difference method 
 
 
21
21
1
)()()(
tt
tt
t
−
−
=
εε
ε&  
 
The time lapse 21 tt −  considered is extremely small, of the order of 10
-7 s , thus the finite 
difference method provides very accurate results. 
 
The dimensions of the volume of pavement considered are: 1000 m length , 2 m width and 15 cm 
depth.  
It is to be noted that 15 cm is the thickness of the Asphalt course, the effects of the load are 
almost null at a distance of 1 m, and 1000 m of length are chosen so that the ][MJWdiss  in the 
volume can be considered as ]/[ kmMJWdiss . 
 
The energy dissipated is calculated at different temperatures (assumed constant for any 
pavement's depth) for two constant speeds of 57.13 km/h and 100 km/h .  
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The structure of the pavement is reported in figure 6.1   
 
 
 
 
Figure 6.1. Structure of the pavement. 
 
The energy dissipated ∫= dttwwdiss )(  is generally calculated in 3 points: P1,P2a,P3a , at 5 depths 
for each point (0, 3.75, 7.5, 11.25, 15 cm)  and is assumed to be 0 in P4a . 
To check the validity of this assumption dissw is calculated in P4a at a speed of 100km/h and at a 
temperature of 19 and 50°C. The error committed by approximating dissw to 0 is negligible. 
The Y coordinates of P1,P2a,P3a ,P4a  are 0, 8.8, 30.5, 100 cm.  
Due to the symmetry of the problem , the effects in P2b,P3b,P4b  are the same as in P2a,P3a,P4a .  
 
The dissw  is calculated for eleven points, instead of three, at a speed of 100km/h and at a 
temperature of 19°C (figure 6.2). 
 
The calculations are reported in the following table 
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wdiss[J/m
3
] 
Z[cm] Speed 
[km/h] 
Tref 
[°C] 
Y 
coordinate 
[cm] 0 3.75 7.5 11.25 15 
wdiss 
mean 
[J/m3] 
0 21.72712 72.50301 75.52915 14.32564 17.34431 40.28584694 
8.8 8.678933 28.02694 29.44549 13.18169 9.46799 17.76020819 10 
30.5 1.131328 0.737059 0.933178 0.975758 1.151097 0.985683934 
0 55.90717 40.81552 32.03218 22.49581 26.52866 35.55586827 
8.8 15.88361 32.77415 34.1525 22.56492 14.47382 23.96980084 19 
30.5 1.512751 0.972404 1.319644 1.485968 1.734577 1.4050688 
0 263.8413 150.513 115.1326 70.16847 54.738 130.878683 
8.8 52.74556 107.3902 105.7736 67.97255 31.20858 73.01810087 38 
30.5 1.907488 1.182673 1.942552 2.832518 3.750417 2.323129544 
0 655.7477 380.394 259.6357 149.5031 86.47694 306.3514841 
8.8 125.5367 234.0425 211.5373 137.2115 62.57335 154.1802855 
57.13 
50 
30.5 1.590239 0.848266 1.974952 4.177893 6.400987 2.998467451 
0 14.3345 31.24151 33.76352 7.352221 11.55341 19.64903215 
8.8 5.515882 1.232492 2.483147 4.377217 6.174256 3.956598656 10 
30.5 0.927324 0.434089 0.413531 0.513598 0.819754 0.621659267 
0 38.2764 21.96613 18.43123 14.41741 19.92188 22.60260878 
2.3 32.4687 22.12198 18.66684 14.46518 19.07742 21.3600234 
4.6 24.32892 21.52517 18.86164 14.25588 16.72794 19.13991112 
6.7 18.07601 18.84931 18.12024 13.39016 13.75268 16.43767772 
8.8 9.993182 14.41765 15.92743 11.83338 10.77723 12.58977603 
8.9 9.666447 14.12817 15.75699 11.72466 10.61505 12.37826302 
10.7 7.288095 10.09235 13.02996 10.04412 8.500484 9.791001546 
13.7 5.454285 5.561457 8.436419 7.100555 5.801283 6.470799618 
21.3 2.682358 1.920091 2.652643 2.569792 2.673762 2.499729189 
30.5 1.340785 0.710041 0.800357 0.968374 1.349541 1.03381979 
61.0 0.252381 0.101725 0.060706 0.087701 0.168243 0.13415098 
19 
100.0 0.053051 0.023384 0.011304 0.012403 0.024495 0.024927419 
0.0 197.052 100.5581 79.18118 49.5638 42.74353 93.81971948 
8.2 55.71627 75.20564 72.50562 47.10573 25.25375 55.15739958 
8.8 35.53974 67.34756 68.66808 45.47335 23.64209 48.13416351 
8.9 33.73407 66.47561 68.23447 45.28694 23.47649 47.44151622 
38 
30.5 1.831692 1.058828 1.54198 2.208797 2.992182 1.926695817 
0.0 531.8719 275.6441 194.1943 114.1671 68.05721 236.7869231 
8.7 93.00261 160.021 150.7211 100.4366 46.70978 110.1782311 
8.8 83.77311 156.1817 148.9447 99.73899 46.37722 107.0031497 
27.4 2.140095 1.218799 2.788641 5.193115 7.102387 3.688607099 
100 
50 
100.0 0.066632 0.046717 0.04939 0.05852 0.067576 0.057767144 
Table 6.1. Energy dissipated wdiss. 
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meanwdiss  is the mean of the dissw  at the different depths.  
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Figure 6.2. Energy dissipated as function of transversal distance at different depths, at a speed of 
100km/h and at temperature of 19 °C. 
 
It can be noted in figure 6.3. that the trend of dissw  as function of depth depends by the Y 
coordinate. The maximum of the energy dissipated is on the surface of the layer for a point close 
to the moving load, while, for points located farther ( according to the graph from around 6.7 cm)  
the maximum is around the middle of the layer. Going even farther the top of the layer is where 
is dissipated the minimum energy. 
 
At 10 ° C the max of the dissw   under the load (Y=0) is for Z=7.5 cm. It should be investigated the 
relation between the type of crack ( top-down or bottom-up ) and the depth of the maximum 
energy dissipated under the load. It is realistic to suppose that the crack are likely to form in 
correspondence of maxdissw . According to this supposition, top-down cracks are likely to form 
at high temperatures while bottom-up cracks at low temperatures. 
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Figure 6.3. Energy dissipated as function of depth at different Y coordinates, at a speed of 
100km/h and at temperature of 19 °C. 
 
To calculate the energy dissipated in the volume of pavement, a linear trend of the meanwdiss  
function is assumed between the points considered along the y-axis. The meanwdiss  is calculated 
for eleven points, instead of three, at a speed of 100 km/h and at a temperature of 19°C. Figure 
6.4 shows that linearizing the trend of such function using only the three points P1,P2a,P3a  causes 
a significant error.  
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Figure 6.4. Energy dissipated as function of depth at different Y coordinates, at a speed of 
100km/h and at temperature of 19 °C. 
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meanwdiss  is calculated on 1 meter of width, (half the pavement, only the points with positive 
ordinate P1,P2a,P3a ,P4a  are considered) for a single wheel. To evaluate the fuel consumption of an 
18t truck, the energy dissipated by 10 standard wheels on the 2 m width has to be considered.    
The effects of a duel wheel or a tandem axle are not considered. The integration in the volume is 
simplified to a product:   
 
 21015.01000)( ⋅⋅⋅⋅






= ∫ ∫
+∞
∞−
mmdydttwWdiss                                 (6.4) 
 
The energy dissipated calculated using only 3 points results ]/[01018.0 kmMJWdiss =  
The energy dissipated calculated using 11  points results ]/[00846.0 kmMJWdiss =  , that is equal to 
the 83.10%  of the dissW  calculated with three points. 
Assuming that the error remains the same at each speed and at any temperature, all the dissW  
calculated using three points are multiplied by a reduction coefficient of 0.831. 
Table 6.2 reports the dissW   calculated.  
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Speed 
[km/h] 
Tref 
[°C] 
Wdiss [MJ/km] 
10 0.0123 
19 0.0146 
38 0.0448 
57,13 
50 0.0958 
10 0.0044 
19 0.0085 
38 0.0311 
100 
50 0.0671 
 
Table 6.2. Energy dissipated Wdiss. 
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In figure  6.5 the dissW   calculated at 100 km/h and at 57.13 km/h are reported as functions of 
temperature.  
As expected the energy dissipated: 
 
• increases with the temperature; for low temperatures the behavior of the asphalt is more 
elastic, therefore the energy dissipated is low. 
• increases as the speed decreases; a reduction of the velocity causes an increment to the 
time of application of the load. 
 
The analysis was extended only to a realistic range of temperatures for a road.  
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Figure 6.5. Energy dissipated as function of temperature at different speeds. 
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      6.2 Evaluation of the Fuel Consumption Excess 
As mentioned in chapter 6.1, The energy dissipated by the pavement is irrecoverable by the 
wheel, therefore the same energy is dissipated by the wheel. This leads to an increase of the fuel 
consumption. 
 
The fuel consumption caused by the dissipation of energy can be evaluated as following: 
 
b
dissWF ξ=+                                                                     (6.5) 
 
The factor ξb  is a function of engine technology (Gasoline versus Diesel engines).  
The values reported in NCHRP 720 by Chatti & Zaabar are: 0.059L/MJ for Diesel and 
0.096L/MJ for Gas (17 and 10.5MJ/L). It should be noted that these values are lower than the 
calorific value of Diesel (about 40MJ/L) and Gasoline (about 34MJ/L) because these are engine 
efficiencies. According to Baglione (2007), the maximum efficiency of Gasoline engines is about 
25-30% while it is about 40% for Diesel engines. Therefore, only about 25-30% of the energy 
released by the Gasoline and only about 40% of the energy released by the Diesel will be 
available to move the vehicle.  
The value used for ξb  is 16MJ/L (Diesel engine) and 10.5MJ/L (Gasoline engine). 
 
The fuel consumption excess is expressed as a percentage of the consumption of an 18t truck. 
 
100100 ⋅
⋅
=⋅=
+
Cb
diss
C
excess F
W
F
F
F ξ                                                                     (6.6) 
 
CF  is the fuel consumption of the 18t truck, and is calculated using the HDM4 Model from 
"Estimating the Effects of Pavement Condition on Vehicle Operating Costs" from K. Chatti and 
I. Zaabar, published in the NCHRP report 720. The value of CF  depends on the speed of the 
vehicle and the air temperature. 
 
Fuel consumption FC [mL/km] 
Engine 
Speed 
[km/h] 
Temperature 
[⁰C] 
Diesel Gasoline 
10 171.81 248.73 
19 170.45 246.67 
38 167.59 242.31 
57,13 
50 165.78 239.55 
10 268.46 409.08 
19 263.94 402.20 
38 254.44 387.72 
100 
50 248.46 378.60 
  
Table 6.3. Fuel consumption for an 18t truck calculated using the HDM4 model. 
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Fuel consumption F+ 
[mL/km] 
Fuel 
consumption 
excess  
Engine Engine 
Speed 
[km/h] 
Tref 
[°C] 
Wdiss 
[MJ/km] 
Diesel Gasoline Diesel Gasoline 
10 0.0123 0.769 1.171 0.447%   0.471% 
19 0.0146 0.914 1.393 0.536%   0.565% 
38 0.0448 2.801 4.268 1.671% 1.761% 
57.13 
50 0.0958 5.985 9.120 3.611% 3.807% 
10 0.0044 0.273 0.417 0.102% 0.102% 
19 0.0085 0.528 0.805 0.200% 0.200% 
38 0.0311 1.942 2.960 0.763% 0.763% 
100 
50 0.0671 4.196 6.394 1.689% 1.689% 
 
Table 6.4. Fuel consumption excess. 
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Figure 6.6. Fuel consumption excess as function of temperature at different speeds, for 
different engine types. 
 
The fuel consumption excess is reported at different temperatures and speed in table 6.4 and 
figure 6.6 
 
The fuel consumption excess reaches the peak of 3.8% at a temperature of the pavement of 50°C, 
for a gasoline 18t truck. It is to be noted that in this study no gradient of temperature has been 
considered in the pavement, therefore the temperature indicated has to be considered an average 
temperature of the asphalt course. Even during the Summer period, although the surface of the 
pavement may reach 50°C, it is unrealistic to consider the average temperature of the AC layer to 
be so high. 
 
At an average temperature of the asphalt course below 30°C, at a speed of 100 km/h the fuel 
consumption excess is less than 0.5%, and below 1.5% at speed of 57.13 km/h. 
As the temperature decrease, the viscous effects reduce, and the AC behaves more as an elastic 
material. The fuel consumption excess is below 0.56% at average pavement's temperatures lower 
than 19°C. The velocity of the vehicle has an important role:  
at a speed of 100km/h the effects of the dissipated energy on the fuel consumption affect the fuel 
consumption of the truck for more than 1% only at very high temperatures, over 40°C; 
at 57.13 km/h the same percentage is exceeded at approximately 27°C. 
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6.2.1  Influence of the thickness of the layers 
 
To study the influence of the thickness of the layers on the energy dissipated by the pavement, 
the dissW   is calculated, at a speed of 100 km/h and at a temperature of 19°C, for a pavement with 
the same characteristics as in chapter 6.1, except for the thickness of the layers. 
 
By increasing the thickness of the Base from 30 cm to 45 cm the effects on the dissW  are almost 
null, as showed in table 6.5. For an increase of the thickness of the base of 50%, the reduction of 
the meanwdiss  is less than 3% .  
 
wdiss[J/m
3
] 
Z[cm] 
Speed 
[km/h] 
Tref 
[°C] 
Y coordinate 
[cm] 
Base 
thickness 
[cm] 0 3,75 7,5 11,25 15 
wdiss mean 
[J/m3] 
45 36.8548 21.58012 18.17092 14.06749 19.14539 21.9637431 
100 19 0 
30 38.2764 21.96613 18.43123 14.41741 19.92188 22.6026088 
 
Table 6.5. Energy dissipated with different base thickness. 
By increasing the thickness of the Asphalt course from 15 cm to 22.5 cm, with a base thickness 
of 30 cm, the effects on the dissW  (and, as a consequence, on the fuel consumption excess) are 
significant. As shown in table 6.6, for an increase of the thickness of the AC of 50%, the dissW   
has a decrease of the 43.5% of its original value, from 0.00846 MJ/km to 0.00478 MJ/km. 
 
wdiss[J/m
3
] 
Z[cm] 
Speed 
[km/h] 
Tref 
[°C] 
Y coordinate 
[cm] 
AC thickness 
[cm] 
0 3.75 7.5 11.25 15 
wdiss mean 
[J/m3] 
15 38.2764 21.96613 18.43123 14.41741 19.92188 22.6026088 
0 
22.5 25.64445 18.53756 9.944659 5.678092 5.90623 13.1421986 
15 9.993182 14.41765 15.92743 11.83338 10.77723 12.589776 
8.8 
22.5 4.234463 9.795464 8.464526 5.252009 4.035758 6.35644391 
15 1.340785 0.710041 0.800357 0.968374 1.349541 1.03381979 
100 19 
30.5 
22.5 0.772247 0.649562 0.971936 0.890796 0.747919 0.80649191 
 
 
Fuel consumption 
excess  
Speed 
[km/h] 
Tref 
[°C] 
AC thickness 
[cm] 
Wdiss 
[MJ/km] 
Diesel Gasoline 
15 0.00846 0.200% 0.200% 
100 19 
22.5 0.00478 0.113% 0.113% 
 
Table 6.6. Energy dissipated and fuel consumption excess with different AC thickness. 
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7 - CONCLUSIONS 
 
 
The goal of this thesis is to evaluate the fuel consumption caused by the energy dissipated in a 
flexible pavement due to the viscoelastic behavior of the asphalt layers.  
A MATLAB algorithm, ViscoWave II, has been modified by adding new features. The new 
version of the program allows to calculate not only the displacements, but also stresses and 
strains as functions of time for any point of the pavement. The new features implemented include 
also the possibility to consider a realistic distribution of pressure under the tire. 
 
The results obtained using ViscoWave II and ViscoWave II - M are compared with those 
obtained using other programs in order to validate the quality of the calculation. The 
comparisons show good agreement. 
 
Stresses and strains are used to obtain the energy dissipated dissW  ,from an 18t truck,  in a volume 
of pavement of dimensions 315.021000 m××  at different speeds and temperature.  By dividing 
the dissW  by the calorific value of the fuel, and taking into account the engine efficiency, the fuel 
consumption caused by the dissipation of energy is evaluated for a gasoline and a diesel truck. 
The fuel consumption excess +F , expressed as a percentage of the fuel consumption of an 18t 
truck is also evaluated. 
 
Temperature and speed play a fundamental role in the dissipation of energy of the pavement and, 
thus, on the consumptions. The type of engine of the truck is not a relevant factor. 
The fuel consumption due to the dissW   represents less than 0.56% of the fuel consumption of the 
truck at average temperatures of the pavement below 19°C. Considering only realistic average 
temperatures of the pavement, +F  hardly exceeds 1% at a speed of the truck of 100 km/h, while 
at a speed 57 km/h %1=+F  approximately at 27 °C. 
The effects of the surface characteristics of the pavement have a greater influence on the fuel 
consumption of the vehicle than the dissipation of energy caused by the viscous nature of the 
asphalt. 
 
The structure of the pavement affects the results a lot. Increasing the thickness of the layers the 
dissipation of energy reduces. 
An  increase of the thickness of the Base has negligible effects on the dissW : for an increase of the 
thickness of the base of 50% , the reduction of the energy dissipated is less than 3% . 
Instead, for an increase of the thickness of the AC of 50% , the dissW   has a decrease of the 43.5% 
of its original value.  
 
The influence of the mechanical characteristics of the asphalt layer should be studied in future 
works by comparing the dissW  by pavements with the same layer's thicknesses but different 
characteristics. Further studies should also take into account the effects of the proximity of the 
wheels, and consider a gradient of temperature and analyze other types of vehicles. 
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